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ABSTRACT. The topological classification of 4- and 8- (real) dimensional compact 
quaternionic Kaehler manifolds is given. There is only the torus in dimension 4. In 
dimension 8, there are 12 homeomorphism classes; representatives are given ex-
plicitly. 

In this paper, we will study compact manifolds modeled on the quatemions which 
admit a Kaehler metric. It is easily seen that these manifolds have zero Riemannian 
curvature (cf. [8]) and hence are quotients ,R"n If, where f acts as a group of 
covering transformations preserving the Euclidean distance in R4n. In §2 and §4, we 
study f to give the topological classification of compact quatemionic Kaehler 
manifolds in real dimensions 4 and 8. In dimension 4, there is only the torus. This 
result was obtained by Sommese [9] under conditions weaker than ours. In dimen-
sion 8, there are 12 homeomorphism classes. 

It should be noted that there are several definitions of a quatemionic Kaehler 
manifold. All of them, except the one considered herein, model the tangent bundle 
(rather than the underlying manifold) on the quatemions. For example, one can 
require two anticommuting complex Kaehler structures J and K, in which case the 
holonomy is a subgroup of the symplectic group. According to Yau [12], these 
manifolds need not be Riemannian flat. Now J (or K) has constant components (as 
a (1,1) tensor) in some coordinate neighborhood, but we cannot necessarily find a 
neighborhood for both J and K simultaneously. By modeling the manifold on the 
quaterions, we are requiring a coordinate system so that both J and K have constant 
components. 

I would like to thank the referee for bringing Auslander [0] to my attention. 

1. Preliminaries. 
1.1 Algebra. The group E(n) of rigid motions of Rn is, by definition, the group of 

diffeomorphisms of Rn which preserves the Euclidean distance. Relative to a choice 
of origin 0 ERn, we can write E(n) as a semidirect product O(n) . Rn. If a E E(n), 
then a = (A, a) with A E O(n) orthogonal, a ERn translation by a, and (A, a)r = 
Ar + a for r ERn. The product rule is (A, a)(B, b) = (AB, Ab + a). 

For any a E E(n), there is a choice of origin for which a = (A, a) satisfies 
A( a) = a. In particular, if a has no fixed points, then a =1= origin and A has the 
eigenvalue + 1. To see this, if a = (A, x) for some choice of origin, then we may 
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choose y so that (A - I)x = (A - 1)2 y. Translating the origin to y, a becomes 

(1, y)(A, x)(1, y)-I = (A, x - (A - I)y). 

One easily checks that for a = x - (A - I)y, we have A(a) = a. 
Let f C E(n) be a discrete uniform subgroup without elements of finite order. It 

can be shown [11, p. 99] that these are the precise requirements for the action of f 
on Rn to be properly discontinuous, have compact quotient space, and be free, 
respectively. Hence the quotient M = Rn If is a compact n-manifold with universal 
covering space Rn , covering transformations f, and fundamental group '1T1(M) = f. 
Since f preserves the standard (flat) metric on Rn, the quotient Rnlf has an induced 
(flat) metric. 

The converse is also true. Every compact connected flat Riemannian manifold is a 
quotient M = Rnlf where f C E(n) is a discrete uniform subgroup without ele-
ments of finite order. Bieberbach [2] has shown that the free abelian normal 
subgroup f* = f n Rn consisting of pure translations has finite index in f, i.e., the 
(linear) holonomy group i' = f If* C O( n) is finite. It can also be shown that f* is 
maximal abelian in f [4, p. 297]. If, for example, f* = f, then Rnlf is a torus. 

Auslander and Kuranishi [1] have given an algebraic characterization of f. An 
abstract group f is isomorphic to the fundamental group of a compact connected 
flat n-manifold if (1) f has an abelian normal subgroup f* which is free on n 
generators, (2) f* is maximal abelian in f, (3) f If* is finite, and (4) f has no finite 
subgroups. 

Let A be the lattice of all a ERn for which the translation fa E f*. Since f* is 
normal in f, i' preserves A and hence any minimal set of generators for f* is a 
vector space basis of Rn relative to which the elements of i' all have integral entries. 
In particular, the matrix invariants (trace, determinant, etc.) are integral. For more 
details, see Wolf [11, Chapter 3]. 

Two compact flat Riemannian manifolds Rnlf and Rn If' are affinely equivalent if 
there is an affine transformation </> such that </>f</> -I = f', i.e., if f and f' are 
conjugate in the group of affine transformations of Rn. Bieberbach [2] proved 

THEOREM 1. f and f' are isomorphic as abstract groups if and only if R - 1 If and 
Rn If' are affinely equivalent. 

It follows that two compact flat Riemannian manifolds are affinely equivalent if 
and only if they have isomorphic fundamental groups. In particular, affine equiva-
lence is the same as topological equivalence. 

1.2 Geometry. An almost quaternionic structure on a (necessarily) 4n-dimensional 
COO manifold consists of a pair of almost complex structures satisfying JK = -KJ. 
The quaternions provide the standard model of an (almost) quaternionic structure 
on R4n. Let R4n have coordinates{(xi'Yi,ui,vJli= 1,2, ... ,n}; the quaternionic 
structure is given by 

a 
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A mappingfbetween almost quaternionic manifolds is quaternionic if the differential 
df commutes with the almost quaternionic structures. A quaternionic manifold is one 
which is covered by open sets {U;} with diffeomorphisms {<I>;: U; ~ R4n} such that 
<l>j 0 <1>:1: <I>;(U; n ~) ~ <l>iU; n ~) is a quaternionic mapping with respect to the 
above standard structure on R4n. Clearly, a quaternionic manifold has a pair of 
anticommuting complex structures J and K. A quaternionic Kaehler manifold is a 
quaternionic Riemannian manifold such that J and K preserve the metric g and are 
parallel with respect to the Riemannian connection 'V, i.e., g(JX, JY) = g(X, Y), 
g(KX, KY) = g(X, y), 'Vx(JY) = J'Vx Y, and 'Vx(KY) = K'Vx Y for all tangent 
vector fields X and Y. 

LEMMA 1. A quaternionic Kaehler manifold M is Riemannian flat. 

PROOF. Consider a quaternioniccoordinate system XI"" ,x4n (so that J and K 
have constant components as (1,1) tensors), and let X, Y be constant coefficient 
linear combinations of the coordinate vector fields a/ax;. Hence [ZI' Z2] = ° for Z; 
equal to X, Y, JX, JY, KX, or KY, i = 1,2. Now, using the symmetry of 'V, and the 
parallelism of J and K, we have 

° = -VK([KY, JX] - J[KY, X] - K[Y, JX] + KJ[Y, X]) 

= -VK(J'VKy X - K'VJX Y - J'VKyX + JK'Vx Y - KJ'VyX 

+ K'VJX Y + KJ'VyX - KJ'Vx Y) 

= -VK(2JK'Vx Y) 

= 'Vx Y. 

Similarly 'V y X = 'V x X = 'V y Y = 0, and hence 

g(R(X, Y)X, Y) = g('Vx 'VyX - 'V y 'VxX - 'V[X,Yj X, Y) = 0. Q.E.D. 

Next, we will define the holonomy group i' on an arbitrary Riemannian manifold 
N. It is a pleasant surprise that for a compact connected flat Riemannian manifold, 
this holonomy agrees with the holonomy in §1.1 (see [11, Lemma 3.4.4]). 

Given pEN and a Coo closed curve 0': [0, 1] ~ N, 0'(0) = 0'(1) = p, we construct 
the parallel translation To: ~N ~ ~N as follows. If v E ~N, then we may extend v 
along 0' to v so that 'V 0' v = 0, where 0" is the tangent field to 0' (in local coordinates, 
the equation 'V 0' v = ° is a system of linear differential equations which can be 
solved uniquely given the initial data v). We define To( v) = Vo(l) where vo(O) = v. 
Since the defining equations of v are linear, it follows that To is a linear transforma-
tion. In fact, To is an orthogonal transformation for the connection 'V is Riemannian. 
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These 'Ta form the (linear) holonomy group irp- The product is composition, or 
equivalently addition of curves, and the inverse 'Ta- I is obtained by reversing the 
parametrization of a. If q EN and {3 is a curve from p to q, then 'T -- 'Tfl'T'Tfl-1 is an 
isomorphism of irp and irq. Hence, the holonomy group ir is independent of the 
point. 

Observe that if J is an almost complex structure on a Riemannian manifold 
satisfying 'ilJ = 0, then J commutes with ir. Hence, if .rnjr is a quatemionic 
Kaehler manifold, then r jr· and {J, K} commute. In the next section, we will use 
this to show that for n = 1, ir is the trivial group {e}, or equivalently, r = P. In §4, 
we will show that for n = 2, ir is either {e}, Z2' Z3' Z4' or Z6' 

2. Oassification in 4 real dimensions. According to Lemma 1, a quaternionic 
Kaehler manifold M is Riemannian flat. If M is compact and connected, then it 
follows that M = R4njr, where r C E(4n) is a discrete uniform subgroup without 
elements of finite order. To prove our classification theorems, we will first classify 
the holonomy ir = r jP, and then determine the (affine equivalence classes of) 
lattices A invariant under ir. In dimension 4, ir is the trivial group and all lattices 
are invariant and equivalent. 

THEOREM 2. If M is a compact connected quaternionic Kaehler manifold of real 
dimension 4, then M is a torus. 

PROOF. By the above remarks, we have M = R4jr where r C E(4). For a E r, we 
write a = (A, a) with A(a) = a =F 0, and A E ir. Choose {a, Ja, Ka, JKa} as a 
basis for R4. Since J and K commute with A E ir, it follows that A = I. Hence 
ir = {e}, r consists of pure translations, and M is a torus. Q.E.D. 

Conversely, every 4-torus inherits the standard quatemionic Kaehler structure on 
R4 described in §1.2 (since this structure is invariant under translation). We remark 
that Sommese [9] has shown that if J is complex Kaehler and K is complex (but not 
necessarily Kaehler), then M is still a torus. 

3. Algebra. 

PROPOSITION 1. Let tn be a primitive nth root of unity. If the real part of tn is 
rational, then n = 1,2, 3, 4, or 6. 

PROOF (IMPROVED BY THE REFEREE). We adjoin tn to the rationals Q and obtain 
the extension Q(tn ). The degree of this extension is given by [Q(tn ): Q] = cf>( n), the 
Euler phi functions. If tn = a + i{3, with a rational, then t; - 2atn + 1 = 0, and 
hence cf>( n) 0;;; 2. The phi function is given by cf>( n) = II pin pr-I( p - 1) where pr 
divides n, but pr+ I does not. For cf>(n) 0;;; 2, it is easy to see that n = 1, 2, 3, 4, or 6. 
Th t 1 I I +- ii· +-. I +- li· t' I QED e roo s are ,- , - "2 - 2 I, -I, or "2 - 2 I, respec lve y. ... 

Let /,,( x) be the nth CyclotOlniC polynomial; the roots of /" are precisely the 
primitive nth roots of unity and deg /" = cf>( n). This polynomial is irreducible and 
has rational coefficients. If g(x) is a polynomial (with rational coefficients) satisfy-
ing g(tn ) = 0, then /" divides g. In particular, the roots of g include all cf>(n) 
primitive nth roots of unity. These considerations are important in §4 and §5A. 
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4. Oassifications in 8 real dimensions. In this section, we give the affine (or 
equivalently topological-see Theorem 1) classification of compact quaternionic 
Kaehler 8-manifolds M. Our theorem appears quite lengthy because we have 
included, for M = Rg Ir, generators and relations for r as well as a representation of 
r as a discrete uniform subgroup of the rigid motions E(8). 

THEOREM 3. There are 12 affine diffeomorphism classes of compa,ct connected 
quaternionic Kaehler 8-manifolds. They are represented by the manifold Rg Ir, where 
r c E(8) is one of the 12 groups given below. Here A is the translation lattice with 
generators {a l, ... ,ag}, tk = tak are translations, and V = r Ir* is the holonomy. Let 
i = 1, 2, 3, 4 and j = 5, 6, 7, 8, and let E be the span of {ai' a2, a3, a4}. 

(1) V = {e} and r is generated by the translations {t I' ... ,t g}. 
(2.1) V = Z2 and r is generated by {a, tl, ... ,tg} where a2 = t l , atia- I = ti' and 

atja- I = t;l; (ai' aj )= 0 and a = (A, a1/2) with A(a;) = ai andA(a) = -aj . 
(2.2) V = Z2 and r is generated by {a, tl, ... ,tg} where a2 = t l , atia- I = ti' 

atka- I = f;;1, k = 5, 6, 7, at8a- 1 = tlt2t3t4till; (ai' ak)= 0, k = 5, 6, 7, the 
projection of ag on E is ·Ha l + a2 + a3 + a4), and a = (A, a1/2) with A(a;) = ai' 
A(ak) = -ak, k = 5,6,7, andA(ag) = a l + a2 + a3 + a4 - ag. 

(2.3) V = Z2 and r is generated by {a, t l, ... ,t8} where a2 = t l, atia- I = ti' 
at5a- 1 = t5 1, at6a- 1 = t6"1, at7a- 1 = tlt2 t3t4t71, atga- I = t2till; (ai' a5)= 
(ai' a6)= 0, the projections of a7 and ag on E are Hal + a2 + a3 + a4) and ta2, 
respectively, and a = (A, a 1/2) with A(a;) = ai' A(a5) = -a5, A(a6) = -a6, A(a7) 
= al + a2 + a3 + a4 - a7, andA(ag) = a2 - ag. 

(2.4) V = Z2 and r is generated by {a, tl, ... ,tg} where a2 = t l, atia- I = ti> 
-I - -I -I - -I -I - -I -I - -I. ( )- 0 at5a - t5 ,at6a - tlt2 t3t4t6 ,at7a - t2t7 ,atga - t3 t8' ai' a5 - , 

the projections of a6, a7 and ag on E are Hal + a2 + a3 + a4), ta2, and ta3 
respectively, and a = (A, a1/2) with A(a;) = ai' A(a5) = -a5, A(a6) = al + a2 + a3 
+ a4 - a6, A(a7) = a2 - a7, and A(a8 ) = a3 - a8• 

(3.1) V = Z3 and r is generated by {a, tl,. .. ,tg} where a3 = t l, atia- I = ti' 
-I -I -I -I -I -I -I -I ( ) 0 { } at5a = t6, at6 a = t5 t6 ,at7a = tg, atga = t7 tg ; ai' aj = , a5, a6 

and {a7, ag} generate hexagonal plane lattices, and a = (A, a1/3) with A(ai) = ai' 
A(a5) = a6 ,A(a6 ) = -a5 - a6,A(a7):::; ag, andA(a 8 ) = -a7 - ag. 

(3.2) V = Z3 and r is generated by {a, tl, ... ,tg} where a3 = t l , atia- I = ti' 
at5a- 1 = t6, at6a- 1 = t5 lt6"1, at7a- 1 = t8, atga- I = tlt2 t3t4t7ltill; (ai' a5)= 
(ai' a6 ) = 0, {a 5, a6} generates a hexagonal plane lattice, the projection of a7 and ag 
on E is Hal + a2 + a3 + a4), and a = (A, a 1/3) with A(a;) = ai' A(a5) = a6 , 

A(a6 ) = -a5 - a6 , A(a7) = ag, and A(ag) = a l + a2 + a3 + a4 - a7 - ag. 
(3.3) V = Z3 and r is generated by {a, tl, ... ,tg} where a3 = t l , atia- I = ti' 

at5a- 1 = t6 , at6a- 1 = tlt2t3t4t5lt6" I, at7a- 1 = tg, at8a- 1 = t2t7ltill; the projection 
of a5 and a6 on E is Hal + a2 + a3 + a4), the projection of a7 and ag on E is ta2 , 

and a = (A, a1/3) with A(aJ = ai' A(a5) = a6 , A(a6 ) = al + a2 + a3 + a4 - a5 
- a6 , A(a7) = ag, and A(a8 ) = a2 - a7 - ag. 

(4.1) V = Z4 and r is generated by {a, tl> ... ,tg} where a4 = t l, atia- I = ti' 
-I -I -I -I -I -I ( ) 0 { } d at5a = t6, at6a = t5 ,at7a = tg, atga = t7 ; ai' aj = , a5, a6 an 
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{a 7, ag} generate a square plane lattice, and a = (A, a 1/4) with A(a;) = ai' A(as) = 
a6 , A( a6 ) = -as, A( a7) = ag, and A( ag) = -a7. 

(4.2) i' = Z4 and f is generated by {a, tl, ... ,tg} where a4 = t l , atia- I = ti' 
-I -I -I -I -I -I ( ) atsa = t6 , at6 a = ts ,at7a = t g, atga = tlt2 t3 t4t7; ai' as = 

(ai' a6 ) = 0, {as, a6 } generates a square plane lattice, the projection of a7 and a g on E 
is -Hal + a 2 + a 3 + a4), and a = (A, a 1/4) with A(a;) = ai' A(as ) = a6 , A(a6 ) = 
-as, A(a7) = ag, and A(ag) = a l + a 2 + a3 + a4 - a7. 

(4.3) i' = Z4 and f is generated by {a, tl, ... ,tg} where a 4 = t l , atia- I = ti' 
atsa- I = t6 , at6a- 1 = t lt2t3t4(;I, at7a- 1 = t g, atga- I = t2ril; the projection of as 
and a6 on E is Hal + a 2 + a 3 + a4), the projection of a7 and a g on E is ta2, and 
a = (A, a 1/4) with A(a;) = ai' A(as) = a6 , A(a6 ) = a l + a2 + a 3 + a 4 - as, 
A(a7) = ag, and A(ag) = a 2 - a7. 

(6) i' = Z6 and f is generated by {a, tl, ... ,tg} where a6 = t l, atia- I = ti' 
-I -I -I -I -I -I ( ) ° { } atsa = t6 , at6 a = ts t6 , at7a = t g, atga = t7 tg; ai' aj = , as, a6 

and {a7, ag} generate hexagonal plane lattices, and a = (A, a 1/6) with A(a;) = ai' 
A(as) = a6 , A(a6 ) = a6 - as, A(a7) = ag, and A(ag) = a g - a7. 

PROOF. The proof consists of three parts. In part I, we show that each of the 12 
types admits a quaternionic Kaehler structure (induced from Rg ). In part II, we 
show that no two of these types are affinely diffeomorphic. Finally, in part III, we 
show that any compact connected quaternionic Kaehler 8-manifold is affinely 
diffeomorphic to one of the 12 types. 

I. First observe that each of the 12 types of f c E(8) is a discrete uniform 
subgroup without elements of finite order. Hence Rg If is a compact flat Rieman-
nian manifold. 

We must construct a quaternionic Kaehler structure {J, K} on Rg, invariant 
under f. Let E be the span of {ai' a 2, a 3 , a4} and Ei. the orthogonal complement. 
Since Rg = E E9 Ei. , we obtain the required structure by identifying each summand 
with R4 (provided with the standard quaternionic Kaehler structure). The identifica-
tions may be arbitrary except that we can assume J preserves the span E + of the 
projection of {as, a6 } on E.l-, and (Ja s, a6 ) (Ja7, ag)< 0, where ( , ) is the 
standard inner product on Euclidean space. 

To see that {J, K} is invariant under f, it suffices to show that A E i' commutes 
with {J, K} IE and {J, K}E.L (the standard structure on R4 is invariant under 
translation). This is obvious on E for A IE = Identity, and also on Ei. whenever 
A IE.L = ± Identity. A calculation shows that A IE+ is well-defined and is a rotation 
by 23", j, ~ depending on the holonomy type 3, 4, 6, respectively. Since J IE+ and 
A IE+ are both rotations, they commute on E+ . Let E_ be the orthogonal comple-
ment, i.e., Ei. = E + + E _ . Since A and J are orthogonal, they both preserve E _ . A 
calculation shows that A IE- is also a rotation by 23'IT, j, ~ depending on the type. 
Hence, A and J commute on E _ , Ei. , and finally Rg• 

We need to show that A and K commute; we will do this for holonomy type 4 and 
leave types 3 and 6 to the reader. If X E E+ , then either AX = JX or AX = -Jx. 
We assume, without loss of generality, that AX = JX (for we may replace J by -J 
everywhere). Let X E E+ and Y E E_ satisfy KX = Y. The condition 
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(las, a6 ) (la 7 , a g)< 0 forcesAY = -lY, and henceAKX = -lKX = KJX = KAX. 
A similar argument establishes the equality AK = KA on E _ , so A and K commute. 

II. Let M = RS/f, so that 7T I(M) = f and HI(M; Z) = f /[f, f], where [f, f] is 
the commutator subgroup generated by [f, f] = {a'Ta-I'T-11 a, 'T E f}. In the table 
below, we record HI(M; Z) for all 12 types; the calculations follow the table. 

If RS /fl and RS /f2 are affinely diffeomorphic, then fl and f2 are isomorphic 
(Theorem I). In particular, f]" "" fi (unique maximal abelian subgroups), fl/f]" "" 
f2/ft, and fj[fl' fd "" f 2/[f2/f2], i.e., the holonomy and first homology groups 
are isomorphic. From Table I, it then follows that RS/fl and RS/f2 are of the same 
type. 

TABLE I 

Type HI(M; Z) Type HI(M; Z) 
1 ZS 3.2 Z4 X Z3 

2.1 Z4 X zi 3.3 Z4 
2.2 Z4 X Z~ 4.1 Z4 X Z~ 
2.3 Z4 X Z~ 4.2 Z4 X Z2 
2.4 Z4 X Z2 4.3 Z4 
3.1 Z4 X Z~ 6 Z4 

(As usual, the subscript on Z is the modulus and the superscript is the multiplicity of 
the product.) 

(1) [f, f] is trivial, so HI = f = ZS. 
(2.1) [f, f] is generated by If for k = 5, 6, 7, 8; HI = Z4 X zi with generators 

a[f, f] and Idf, f] for k = 2,3, ... ,8. 
(2.2) [f, f] is generated by If for k = 5, 6, 7, and 11121314182; we may choose 

generators for f as a, 11121314182, 13, 14, ... ,ls, and hence HI = Z4 X zi with 
generators a[f, f] and Idf, f] for k = 3,4, ... ,8. 

(2.3) [f, f] is generated by Il, Ii, 11121314(:;-2, 12182; we may choose generators for 
f as a, 11121314172, 12182, 14"", Is, and hence HI = Z4 X Z~ with generators a[f, f] 
and Idf, f] for k = 4, ... ,8. 

(2.4) [f, f] is generated by Il, 111213141(;2, 12172, 13182; we may choose generators 
for f as a, 111213/41(;2, 12172, 13182, Is, 16, 17 , Is, and hence HI = Z4 X Z2 with 
generators a[f, f] and Ik[f, f] for k = 5,6, 7, 8. 

(3.1) [f, f] is generated by 16(;1, Isll, Is17 1, 171i, or equivalently by 16(;1, IJ, 

Is17!' I~; we may choose generators for f as a, II' 12, 13, 14, 16(;1, 16, Is17 1, Is, and 
hence HI = Z4 X Z~ with generators a[f, f] and Idf, f] for k = 2, 3,4,6, 8. 

(3.2) [f, f] is generated by 16t;l, Isll, I s/7!' 11121314t71182, or equivalently by 
16(;1, IJ, Is17 1, 11/2t314183; we may choose generators for f as a, Ilt2/3/4/83, 13, 14, 
t6(; I, 16, tS17 1, Is, and hence HI = Z4 X Z3 with generators a[f, f] and Idf, f] for 
k = 3,4,6,8. 

(3.3) [f, f] is generated by t6(;I, 11/2/3/4ISII(;2, Is/7 1, t2171182; we may choose 
generators for f as a, 161SI, tI12t314ISII(;2, Ist7 1, 12171182, 14, 16, 18 , and hence 
HI = Z4 with generators a[f, f] and tk[f, f] for k = 4,6, 8. 
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(4.1) [f, f] is generated by 16(S\ 1516' 1817\ 1718' or equivalently by 161S\ Ii, 
-I 2 h t e f -I -I d 1817 , 18; we may c oose genera ors lor as a, 12, 13, 14, 1615 , 16, 18/7 , 18, an 

hence HI = Z4 X Z~ with generators a[f, f] and tk[f, f] for k = 2, 3,4,6, 8. 
(4.2) [f, f] is generated by 161S\ 1516' 1817\ 1112/3/4171(81, or equivalently by 

t61SI, Ii, 1817 1, 11/2t3/4182; we may choose generators for f as a, 11/2/314182, 13, 14, 
161S\ 16, 18t71, t 8, and hence HI = Z4 X Z2 with generators a[f, f] and Ik[f, f] for 
k = 3,4,6,8. 

(4.3) [f, f) is generated by t6tS\ t1/2/3/4tSlt(;\ 1817\ 12/71181; we may choose 
generators for f as a, 161S\ t1/2t3/4/Slt(;\ I g /7\ 12/71181, t4, 16, Ig, and hence 
HI = Z4 with generators a[f, f] and tdf, f] for k = 4, 6, 8. 

(6) [f, f] is generated by 16tSI, 15, Ig/7 1, 17, or equivalently by 15,/6, t7, 18; hence 
HI = Z4 with generators a[f, f] and Ik[f, f] for k = 2, 3,4. 

III. Let M be a compact connected quaternionic Kaehler manifold. From § 1.1 and 
Lemma 1, it follows that M = Rg/f, where f C E(8). 

We begin by classifyingi'. If A E '1', then A preserves the lattice A (since f* C f 
is normal) and hence has a matrix representation with integral entries. In particular, 
the matrix invariants (trace, determinant, etc.) are integers. The vanishing of VJ and 
vKimpliesAJ = JA andAK = KA. 

Let a E Rg be a nonzero vector such that A( a) = a, and let E be the span of 
{a, Ja, Ka, JKa} with 4-dimensional orthogonal complement E.l.. Clearly A IE = I. 
Since A, J, and K are orthogonal, E.l. is quaternionic and A IE-'- is well defined. If 
A IE-'-~ I, then A - I: Rg --> E.l. is onto, and hence A n E.l. is a 4-dimensionallattice 
in E.l. . In particular, A IE-'- has integral matrix invariants. Below, we will use the fact 
tr(A IE-'-) E Z. 

If we fix the complex structure J, then E.l. becomes a 2-dimensional complex 
vector space and we may diagonalize A IE-'-. Let X E E.l. be a J-eigenvector with 
J-eigenvalue p = a + iP, i.e., AX = aX + pJx. The calculation AKX = KAX = 
aKX - pJKX shows that KX is also a J-eigenvector with J-eigenvalue p = a - ip. 
Since A has finite order, say n, it follows that p is a primitive nth root of unity. As a 
real 4 X 4 matrix relative to the basis {X, JX, KX, JKX}, 

-P 
a 
o 
o 

o 
o 
a 
-P 

with tr(A IE-'-) = 4a E Z. By the algebraic proposition in §3, the only possible values 
for n are n = 1,2,3,4, and 6. In particular, we have p = ± 1, ±i, e ±iw/3, or e ±iw/6. 

We can now complete the proof of 

LEMMA 2. The holonomy group 'I' is eilher {I}, Z2' Z3' Z4' or Z6· 

PROOF. By the above remarks, it suffices to show that 'I' is cyclic. We will first 
establish that 'I' is simultaneously diagonalizable (or equivalently 'I' is abelian), from 
which it easily follows that 'I' is cyclic. 
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Let A, B E qr be nontrivial. If AB = I, then A = B-\ and AB = BA. AB * I is 
harder. We will show (1) A and B fix a common 4-dimensional subspace E (and 
hence the orthogonal complement E1-), and (2) A and B are simultaneously 
diagonalizable on these subspaces. Let Ec denote the 4-dimensional + 1 eigenspace 
of nontrivial C E qr. 

(1) If X E EAB n BEAB and X * 0, then EAB = BEAB, for X, JX, KX, JKX 
generate EAB and the quaternionic structure commutes with B. If BX = Y E EAB, 
thenAY = X E EAB, and henceEAB = AEAB. 

If EAB n BEAB = 0, then we may write Z E EBA as Z = X\ + BX2 where XI' 
X2 E EAB. Now, Z = BAZ = BAX\ + BX2, and hence X\ = BAX\, i.e., EBA = EAB. 
If WE EA, then we may write W = Y\ + BY2 where Y\, Y2 E EAB. Now, BW = 
BA W = BAY\ + BABY2 = Y\ + BY2, and hence W = BW, i.e., EA = EB = EAB. 

(2) We will show that A and B commute on E = EA = EB and E1-. This is trivial 
on E. On E1-, we may fix a complex structure, say J, and diagonalize 

AIE~=[~ p~\] BIE~=[~ T~\] 
rel{ X\, X2 } rel{ Y\, Y2 } 

where p and Tare J-eigenvalues, the J-eigenvectors have unit length, and X2 = KX\ 
and Y2 = KY\. 

We have an S2-action on E1- given by (a, b, c) -> aJ + bK + cJK, with a2 + b2 
+ c2 = 1. Recall that F = aJ + bK + cJK satisfies F2 = -I. For X E E1- and 
II X II = 1, the orbitS 2 • X is a standard 2-sphere of radius 1. Since the dimension of 
E1- is 4, it follows that span {Y\, JYd and S2 . X\ have a common element, which 
we may choose to be Y\ = FX\. Now, 

and 

AY\ = AFX\ = FAX\ = FpX\ = p-\FX\ - 2fJaX\ = {p-\ + 2fJaF)Y\ 

= [aI + {2fJa 2 - p)J + 2fJabK + 2fJacJK] Y\ 

where T = Y + ;8. Thus 

a = y, 
2fJa2 - fJ = 8, 

2fJab = 0, 
2fJac = O. 

If fJ = 0, then 8 = 0 and T = ± 1 = p, i.e., B IE~ = I = A IE~ and they commute on 
E1-. If a = 0, then AY\ = p-\Y\, and hence Y\ = pX2 for some J-complex number 
P. By orthogonality, Y2 = p.X\ for some J-complex number p., and it is clear that A 
and B commute on E1- . Finally, if a =1= 0 and fJ =1= 0, then b = c = 0 and F = ±I, 
i.e., Y\ = ±JX\. We may choose Y2 so that Y2 = ±JX2 , and it is clear that A and B 
commute on E1- . 
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This completes the proofs of statements (l) and (2). We have shown that there is a 
decomposition RS = E EB E1. and a J -complex basis {XI' X 2 } for E1. so that for any 
A E 'It, we have A IE = 1 and 

Furthermore, p is an nth root of unity where n = 1,2,3,4, or 6. It follows easily that 
i' = {e}, Z2' Z3' Z4' or Z6. This completes the proof of the lemma. Q.E.D. 

It remains to classify (up to an affine diffeomorphism commuting with 'It) the 
lattices on RS invariant under each 'It: 

'It = {e}. 
In this case, r = r* and RS /r is a torus. Clearly any two lattices are invariant 

and equivalent under 'It, and any two tori are affinely diffeomorphic. 
'It = Z2. 
Choose (A, a) E r such that A generates 'It, A(a) = a, and lIall minimal for this. 

Note that a is not in the lattice A. Otherwise, (I, -a) E r and (A, a)(I, -a) = 
(A,O) E r; but (A,O) has 0 as a fixed point; contradiction. For 'It = Z2' we have 
A IE"- = -I and A + I: RS -> E. Since A preserves A, it follows that A n E is a 
4-dimensionallattice with generators, say aI' a2, a3 , and a4. Now (A, a)2 = (I,2a) 
shows that 2a E A n E, and by the minimality of II a II, we may choose these 
generators so that a = a l/2. If we complete {aI' a2, a3 , a4} to a full set of lattice 
generators for A, by adding as, a6 , a7 , and as, then we have 

aj = a)al + aJa2 + aJa3 + aJa4 + fJjbj 

where} = 5, 6, 7, 8, bj E E1., and the coefficients are real numbers. Since A(a) + 
aj = 2a)a l + ... +2aJa4 E A, we may reduce mod{al, a 2 , a3 , a4} to see that aj is 
o or 1, for i = 1,2,3,4 and} = 5,6, 7, 8. 

For} = 5, 6, 7, 8, we will examine the possible 4-tuples (a), aJ, aJ, aJ) whose 
entries are either 0 or t. The easiest case is aj = 0 for all i and}, that is, aj E E1. and 
A(a) = -ar Hence (A, a) and (I, ad, k = 2,3, ... ,8, generate r and the relations 
are given by type 2.1 (the quaternionic Klein bottle). 

Assume that as, a6 , a7 E E1., i.e., a~ = a~ = a~ = 0 for i = 1, 2, 3, 4, and 
as fl E1.. If a~ = t for exactly one i, then by renumbering, we may assume that 
a~ = t or a~ = t (note that a l is distinguished in {aI' a2 , a3 , a4} by the requirement 
a = al/2). If (a~, a~, a~, a:) = (t, 0, 0, 0), that is, as = tal + fJsbs, then 
(I, -as)(A, a) = (A, a - as) = (A, - fJsbs) and this rigid motion fixes - tfJsbs; 
contradiction. For a~ = t, we change the lattice generator a 2 by a2 -> a2 - a l - a3 

- a4 to obtain a~ = t for all i. In this way we see that if one or more of a~ equal 1, 
then either there is a contradiction or, by a suitable change of the lattice generators 
in E, we may assume as = tal + ta 2 + ta3 + ta4 + fJsbs, where bs E E. Hence 
A(as) = tal + ... + ta4 - fJsbs = a l + ... +a4 - as and this flat manifold is of 
type 2.2. 

Assume that as, a6 E E1. , i.e., a~ = a~ = 0 for i = 1,2, 3,4, and a7 , as fl E1. . By 
the above argument, we may assume (a~, a~, a~, a~) = (1, t, t, t), in particular, 
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A(a7) = a) + ... +a4 - a7. Below we list the possibilities for (a~, a~, a~, a:), up to 
a permutation of {a z' a3, a4} (always a) is fixed by the condition a = a)/2). Most 
of the entries reduce to the third entry by a change of lattice generators; we indicate 
this change next to each 4-tuple. Two of the entries give contradictions for we 
cannot obtain a lattice vector with associated 4-tuple (1, 0, 0, 0) (as mentioned above 
this contradicts the freeness of the r-action). The last entry may be reduced to type 
2.2 by the indicated change of lattice vector. In changing generators, we must be 
careful to preserve the assumption a~ = 1, for all i, or equivalently, the sum 
a) + az + a3 + a4. If a lattice generator does not appear, then it is left unchanged. 

(0,0,0,0) 
(1,0,0,0) 
(0,1,0,0) 
(1,1, 0, 0) 
(0,1. 1,0) 
(1,1,1,0) 
(0,1. 1, 1) 
( ) I I I) "2,"2,"2, "2 

a g ~ a7 , a7 ~ a g (reduces to type 2.2) 
contradiction 
type 2.3 
az ~ az + a), a3 ~ a3 - a) (reduces to type 2.3) 
az ~ az + a3, a4 ~ a4 - a3 (reduces to type 2.3) 
az ~ az + a) + a3, a4 ~ a4 - a) - a3 (reduces to type 2.3) 
a7 - a g gives (1, 0, 0, 0); contradiction 
a7 ~ a7 - a g (reduces to type 2.2) 

For those entries that reduce to (0,1,0,0), we have a g = 1az + Pgbg and A(ag) 
= 1az - Pgbg = az - ag; this is of type 2.3. 

Assume now that as E E.l , i.e., a~ = ° for i = 1, 2, 3, 4, and a6, a7, a g f£. E.l . 
The above argument shows that we may assume (a~, a~, a~, a:) = (1,1,1,1) and 
(a~, a~, a~, a~) = (0,1,0,0). Below we list the possible 4-tuples for ag, up to a 
permutation of {a3, a4}. In changing generators, we must preserve a), az, and 
a) + ... +a4. 

(0,0,0,0) 
(1,0,0,0) 
(0,1,0,0) 
(0,0,1,0) 
(1,1,0,0) 
(1,0,1,0) 
(0,1,1.0) 
(0,0,1. D 
(1,1.1.0) 
(1,0,1,1) 
(0,1,1.1) 
( I I I I) "2,"2,"2, "2 

a6 ~ a7, a7 ~ ag, a g ~ a6 (reduces to type 2.3) 
contradiction 
a g ~ a g - a7 (reduces to type 2.3) 
type 2.4 
a g - a7 gives (1,0,0,0); contradiction 
a3 ~ a3 + a), a4 ~ a4 - a) (reduces to type 2.3) 
a3 ~ a3 + az , a4 ~ a4 - az (reduces to type 2.3) 
a6 - a 7 - a g gives (1,0,0,0); contradiction 
a3 ~ a3 + az + a), a4 ~ a4 - az - a) (reduces to type 2.3) 
a g ~ a6 - a7 - a g (reduces to type 2.2) 
a6 - a g gives (1, 0, 0, 0); contradiction 
a g ~ a g - a6 (reduces to type 2.2) 

The fourth entry in this list gives the only new manifold. It is characterized by 
A(ag) = 1a3 - Pgbg = a3 - a g where as = 1a3 + PSbg; this is of type 2.4. 
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Finally, by the above arguments, we may assume (a~, a;, a~, a~) = G-, 1. 1. -D, 
(a~, a~, a~, a:) = (0,1,0,0), and (a~, a~, a~, ai) = (0,0,1. 0). The possibilities for 
as are listed below. The generator changes must preserve aI' a 2 , a 3 , and a 4 • 

(0,0,0,0) 
(1,0,0,0) 
(0,1,0,0) 
(0,0,1,0) 
(0,0,0, 1) 
(1,1,0,0) 
(1,0,1,0) 
(1,0,0,1) 
(0,1, 1,0) 
(0,1,0, 1) 
(0,0,1,1) 
(1,1. 1. 0) 
(1. 1,0,1) 
(1,0,1,1) 
(0,1. 1, 1) 
(1. 1. 1. 1) 

as -> a6 , a6 -> a 7 , a 7 -> as, as -> as (reduces to type 2.4) 
con tradiction 
as -> a6 - as (reduces to type 2.4) 
a8 -> a 7 - as (reduces to type 2.4) 
as - a6 - a 7 - as gives (1. 0, 0, 0); contradiction 
as - a6 gives (1. 0, 0, 0); contradiction 
as - a7 gives (1. 0, 0, 0); contradiction 
as -> as - a 6 - a 7 - as (reduces to type 2.4) 
as -> as - a6 - a 7 (reduces to type 2.4) 
as -> as - a 7 - as gives (1, 0, 0, 0); contradiction 
a 8 -> as - a6 - as gives (1, 0, 0, 0); contradiction 
as -> as - a6 - a7 gives (1, 0, 0, 0); contradiction 
as -> as - a 7 - as (reduces to type 2.4) 
as -> as - a 6 - as (reduces to type 2.4) 
a 8 -> as - as gives (1, 0, 0, 0); contradiction 
as -> as - as (reduces to type 2.4) 

In this list, no new types appear. In particular, we may always choose one of the 
lattice generators to be in E1- . This completes the classification with holonomy Z2· 

'lr = Z3. 
Choose (A, a) E r such that A generates 'lr, A( a) = a, and II a II minimal for this. 

As noted in the Z2 case, a tl A. We again fix Jon E1- and diagonalize 

where p is a cube root of unity. Hence A2 + A + I: RS -> E preserves A, and it 
follows that A n E is a 4-dimensionallattice with generators aI' a 2 , a 3 , and a 4 • Now 
(A, a)3 = (I, 3a) shows that 3a E A, and by the minimality of II a II, we may choose 
these generators so that a = a 1/3. 

To complete the set of lattice generators, we will use the following lemma. 

LEMMA 3. For 'lr = Z3' there is a set of lattice generators {a l , ... ,ag} for A 
satisfying ai' a 2 , a3, a 4 E E, A(as) = a 6 , and A(a7 ) = as. 

PROOF. It suffices to choose as, a6 , a 7 , as satisfying the above condition. Let P v 
be the projection onto the vector subspace V C R8. Choose as tl E n A which 
minimizes the length II P E-'- a sll among all nonzero lattice vectors not in E n A (the 
discreteness of A allows the minimum). Let A I be the sub lattice generated by {a I' 
a 2 , a 3 , a4 , as, A(as )}, and let EI be the span of these vectors. Choose a 7 tl AI which 
minimizes the length II PEt a 7 11 among all nonzero lattice vectors not in A I. 
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We claim that S = {a 1, ••• ,as, A(as), a7, A(a7)} generates A. To see this, assume 
the existence of a lattice vector y not in the integral span of S. It is easy to see that S 
spans Rg, and we may write 

where at least one of the coefficients is not integral. By adding integral multiples of 
S, we may assume that 1 rj I,;;;; t, i = 1, ... ,8. Also we may assume y fl E n A since 
{aJ> a2 , a3 , a4 } were chosen to generate En A. Hence, at least one of rs, r6, r7, rg is 
nonzero. If r7 or rg is nonzero, then y fl A1 and 

and 

This contradicts our choice of a7. If r7 and rg are both zero, then 

PE~y = rSPE~'aS + r6PE~A(as) 
and, as above, 

IIPEql1 < IIPE~asll. 
This contradicts our choice of as, and hence y does not exist. Q.E.D. 

Let us choose generators for A from Lemma 3 and set 

where} = 5 or 7 (a6 and ag are determined by Lemma 3), hj E E, and the 
coefficients are real numbers. Since A2(a) + A(a) + aj = 3aJa1 + ... + 3aJa4 E 
A, we may reduce mod{a 1, a2 , a3 , a4 } to see that the only possibilities for aj are 0, 
t, ~, where i = 1,2,3,4 and} = 5,7. 

For} = 5, 7, we will examine the possible 4-tuples (aJ, a], a], aJ) whose entries 
are either 0, 1, or ~. The easiest case is aj = 0 for i = 1, 2, 3, 4 and} = 5, 7, i.e., 
aJ E E, A(a) = aj+ 1, and A(aj + 1) = -aj - aj + 1 for} = 5, 7. Hence (A, a) and 
(I, ak)' k = 2, ... ,8, generate r and the relations are given by type 3.1. 

Assume that as E E1-, i.e., as = a~ = 0 for i = 1, 2, 3, 4, and a7 fl E1-. If 
a~ E {O, t} for all i, then by an argument analogous to the Z2 case, we choose {a 1, 

a~, a3 , a4 } so that a~ = t for all i (similarly if a~ E {O, ~ n. If a~ = ~ for all i, then 
the change of basis a7 ---> a1 + a2 + 03 + a4 - a7 gives a~ = t for all i (we must 
change ag accordingly). It is obvious that the new basis will generate A. 

If both t and ~ appear in (a~, a~, a~, aj), we have 3 possibilities: (t, ~, *, *), 
(~, t, *, *) or (*, t, ~, *), where * E {O, t, ~} and no two * are necessarily equal. 
The first 4-tuple becomes (1, 1, *, *) by the change a2 --> a1 + a2 and a7 --. a1 + a2 

- a7. The second becomes (t, t, *, *) by the change a2 -> a1 + a2, and the third 
becomes (*, 1, 1, *) by the change a 2 --> a 2 + a3 . It is clear from this argument that 
we may eliminate all fs. 
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So for a5 E E-L and a 7 t£ E-L , we may change the lattice generators (preserving a l 

and satisfying the conditions in Lemma 3) so that a~ = t for all i, i.e., 

a 7 = tal + ... +ta4 + f3 7 b7 , b7 E E..L, 

(a 7 ) = tal + ... +ta4 + f3 7 A(b7 ), 

A(as ) = A Z(a 7 ) = tal + ... +ta4 + f3 7 A2(b 7 ) 

= tal + ... + t a4 - f37 b7 - f3 7A (b 7 ) 

= al + ... +a4 - a7 - as· 

This is of type 3.2. 
Finally, we assume that a5, a7 t£ E-L . By the above argument, we may assume 

a~ = t for all i, i.e., a5 = tal + ... + ta 4 + f35b5• For (a~, a~, a~, aj), we shall 
reduce each possibility to (0, t, 0, 0) by a suitable change of lattice generators 
(preserving a l and a l + ... +a4 , and satisfying the conditions in Lemma 3). If 
a~ E {O, t} for all i, then the arguments in the Z2 case show that we may reduce 
(a~, a~, a~, aj) to (0, t, 0, 0). If a~ E {O, 1} for all i, we may replace 1 by t as the 
following example illustrates: (1,1,0,0) becomes (1,t,o,O) by the change a 7 ~ a l 

+ a z - a 7 • If both t and 1 appear, and if 1 occurs more often than t, we may 
reverse the roles of t and 1 by a 7 ~ 81a l + 82a2 + 83 a 3 + 84 a 4 - a 7 , where 8i = ° 
or I whenever a~ = ° or 1 respectively. With these simplifications, we list below, up 
to a permutation of {a 2, a 3 , a 4 }, the possibilities for (a~, a~, a~, aj). The given 
lattice changes replace the given 4-tuple with (0, t, 0, 0). 

(0,1,1,0) 
(1,1,0,0) 

a 2 --.. a z + 2a 3 , a 4 ~ a 4 - 2a 3 (reduces to type 3.3) 
az --.. a 2 + 2al, a 3 ~ a 3 - 2a l, a7 ~ al + a2 - a7 

(reduces to type 3.3) 
a 2 ~ a 2 - aI' a 3 -> a 3 + aI' a 7 -> a 7 - a 5 (reduces to type 3.3) 
az ~ az + al + 2a 3 , a 4 ~ a 4 - a l - 2a 3 (reduces to type 3.3) 
az ~ az + 2al + a 3 , a4 ~ a 4 - 2a l - a 3 (reduces to type 3.3) 

az ~ az + aI' a 3 ~ a 3 - aI' a 7 ~ a 7 - a 5 (reduces to type 3.3) 

a7 ~ a7 - a5 (reduces to type 3.3) 
a 7 - a 5 gives (1, 0, 0, 0); contradiction 

Hence, for a 5 , a 7 t£ E-L, we may change the lattice generators so that 
(aL a;, a~, at) = (1, 1, t, t) and (a~, a~, a~, aj) = (0, 1, 0, 0), i.e., 

a 7 = taz + f3 7 b7 , 

as = A(a7 ) = ta 2 + f3 7 A(b7 ), 

A(as ) = taz + f37 A2(b 7 ) = taz - f3 7 b7 - f37 A (b 7 ) 

= a 2 - a7 - as· 

This is of type 3.3. This completes the classification with Z3 holonomy. 
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'I' = Z4. 
Choose (A, a) E r such that A generates '1', A(a) = a, and II a II minimal for this. 

As noted in the previous cases, a fI. A. We can diagonalize A IE.L with J-eigenvalues 
±i. Hence A2 + I: RS ---> E and A n E is a 4-dimensionallattice with generators aI' 
a2, a3 , a4. Now (A, a)4 = (1,4a) shows that 4a E A, and by the minimality of Iiall, 
we may choose these generators so that a = ai /4. To complete the set of lattice 
generators we use· Lemma 3; the proof goes through in this case replacing ± 1 by ± 1. 

Set aj = a)a l + aJa2 + aJa 3 + aja4 + /3jbj where j = 5, 7, bj E E1-, and the 
coefficients are real numbers. Since A 2aj + aj = 2a)a I + ... +2aja4 E A, we may 
reduce mod {ai' a 2 , a 3 , a4} and see that the only possibilities for a~ are 0 or t for 
i = 1,2,3,4 andj = 5, 7. By an argument similar to the Z3 case, we can show that 
the only compact connected quaternionic Kaehler 8-manifolds with holonomy Z4 
which can occur are of type 4.1,4.2, or 4.3. 

'I' = Z6. 
Choose (A, a) E r such that A generates '1', A(a) = a, and II a II minimal for this. 

As noted in the previous cases, a fI. A. We can diagonalize A IE.L with J-eigenvalues 
e(±'1T/6)i. Hence A2 - A + I: RS ---> E and A n E is a 4-dimensional lattice with 
generators aI' a 2, a 3, a4. Now (A, a)6 = (1,6a) shows that 6a E A, and by the 
minimality of II a II, we may choose these generators so that a = a i /6. To complete 
the set of lattice generators, we use Lemma 3; the proof goes through in this case 
replacing ± 1 by ± if· 

Set aj = a)a I + aJa2 + aJa 3 + aJa4 + /3jbj where j = 5, 7, bj E E1-, and the 
coefficients are real numbers. Since A2(a) - A(a) + aj = a)a I + ... +aja4 E A, 
we may reduce modulo {aI' a 2, a 3 , a4} and see that the only possibility for aj is 0, 
for all i andj, i.e., A(a6) = a6 - as and A(as ) = as - a 7 • Hence (A, a) and (1, ad, 
k = 2, 3, ... ,8, generate r and the relations are given by type 6. 

5. Remarks. A. In higher dimensions, r is more complicated. For example, 'I' is 
not cyclic, in general, and is probably not even abelian. A positive statement we can 
make is that if A E 'I' and ~n (primitive nth root of unity) is a (J-) eigenvalue of A, 
then all primitive nth roots of unity are (J-) eigenvalues of A. To see this, fix J and 
diagonalize A with J-eigenvalues {~= a + i/3}. Since A has finite order, ~ is a 
primitive (say, nth) root of unity. 

As a real matrix, A consists of the 2 X 2 diagonal blocks 

Hence the characteristic polynomial det( xl - A) is a product of the polynomials 
x 2 - 2ax + 1. Note that ~ is a root of this quadratic. Since det(xI - A) has integer 
coefficients (A preserves a lattice), it follows that the nth cyclotomic polynomial (see 
§3) divides det(xI - A). 

B. It is fortunate that only 12 equivalence classes occur in dimension 8. However it 
is no surprise that the number of classes is finite. According to Bieberbach [2], there 
is a finite number of affine diffeomorphism classes of the compact connected flat 
Riemannian n-manifo1ds (for any n). 
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C. A complex manifold is projective if it can be complex analytically imbedded in 
a complex projective space. If M is a quaternionic manifold then M has a 2-sphere of 
complex structures {aJ + bK + cJKi a2 + b2 + c2 = l}, and it is natural to ask 
which structures are projective. Sommese [9] has shown that at most countably many 
are projective. 

D. A Hodge manifold M is a Kaehler manifold whose Kaehler 2-form is in the 
image of the inclusion H2(M; Z) "'-> H2(M; R). The imbedding theorem of Kodaira 
[5] states that a compact Hodge manifold is projective. If M is a quaternionic 
Kaehler manifold, then at most countably many of the complex structures are 
Hodge. In light of this, we shall say that a quaternionic Kaehler manifold is Hodge if 
at least one of the complex structures is Hodge. 

It would be increasing to know if each of our 12 equivalence classes in Theorem 3 
admits a Hodge representative. To see if a representative has a chance to be Hodge, 
first notice that if R8/f is Hodge, then R8/f* is Hodge. Now one uses the Riemann 
conditions (see [3, p. 62]) to determine if the torus R8/f* is Hodge. The given 
representatives in Theorem 3 (i.e., the given representations of f in E(8» are not all 
Hodge. 
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